TEMPUS: Activit y 2

P arallel Algorithms, Chapter 2

Numerical and Matrix Algorithms

I. V ass� an yi, G. D� ozsa, KFKI-MSZKI

20th July 1996

1

CONTENTS 2

Con ten ts

1 In tro duction 3

1.1 Notations and T erminology : : : : : : : : : : : : : : : : : : : 4

1.2 Overview on the Chapter : : : : : : : : : : : : : : : : : : : : : 4

2 Algorithms for General Dense Matrices 5

2.1 T ransp os ition : : : : : : : : : : : : : : : : : : : : : : : : : : : 6

2.1.1 Blo ck-Checkerb oard on a Mesh : : : : : : : : : : : : : 6

2.1.2 Blo ck-Checkerb oard on a Cub e : : : : : : : : : : : : : 7

2.2 Matrix-vector Multiplication : : : : : : : : : : : : : : : : : : : 9

2.2.1 Row-wise Blo ck Striping : : : : : : : : : : : : : : : : : 9

2.2.2 Blo ck-Checkerb oard : : : : : : : : : : : : : : : : : : : 9

2.3 Matrix Multiplication : : : : : : : : : : : : : : : : : : : : : : : 10

2.3.1 Blo ck-Checkerb oard : : : : : : : : : : : : : : : : : : : 10

2.3.2 Cannon’s Algorithm on a Mesh : : : : : : : : : : : : : 11

2.3.3 The DNS Algorithm on a 3-D Mesh or Cub e : : : : : : 12

2.4 Matrix Inversion : : : : : : : : : : : : : : : : : : : : : : : : : 13

2.5 Solving a Linear System and the LU Decomp osition : : : : : : 14

2.5.1 Gaussian Elimination : : : : : : : : : : : : : : : : : : : 14

2.5.2 Elimination with Pivoting : : : : : : : : : : : : : : : : 17

2.5.3 Back-Substitution : : : : : : : : : : : : : : : : : : : : : 18

2.6 Inversion-based Solution of Linear Systems : : : : : : : : : : : 18

2.6.1 Recursive LU Decomp osition : : : : : : : : : : : : : : : 19

2.6.2 Inversion-based Back-substituion : : : : : : : : : : : : 19

3 Algorithms for Sp ecial Matrices 21

3.1 The Finite Element Metho d : : : : : : : : : : : : : : : : : : : 21

3.2 Multiplication of a blo ck-tridiagonal matrix by a vector : : : : 23

3.3 Jacobi Iteration for Solving Linear Systems : : : : : : : : : : : 24

3.4 Matrix-vector Pro duct for T o eplitz Matrices : : : : : : : : : : 26

4 F urther Reading 27

1 In tro duction

This chapter attempts to give an overview on the most imp ortant parallel

algorithms for the wide class of problems which are most naturally expressed

as op erations on matrices. Our goal is to reformulate the serial algorithms

in order to reveal all the p ossible parallelism inherent in the problem, and

then assess the resulting parallel algorithms on the basis of p erformance and

optimality

, with resp ect to v arious architectures and problem partitioning

schemes, wherever they are relev ant. W e will fo cus on the practical engi-

neering applicabilit y of the algorithms presented, so excessiv e mathematical

details and elab orate analyses will b e omitted except for a few sample cases.

The interested reader may wish to give a more precise mathematical formu-

lation, for example, for the estimated p erformance metrics for some of the

algorithms.

The parallel algorithms presented here v ary greatly in the complexit y of

their serial comp onents, that is, in their granularity

. In some cases, the op-

erations are rather simple (such as the transp osition of a sub-matrix), and

considering the communication costs, it may seem unwise to split the task

among many pro cessors. Also, we may seemingly overcomplicate a paral-

lel algorithm just to get a small complexit y b ound improvement. However,

these techniques are not only of theoretical imp ortance only

, since they do

pro duce a signi�cant sp eedup ab ove a certain problem (matrix) size. Such

very large matrices are often encountered in digital signal pro cessing, mo d-

elling of physical systems and in industrial control. F or instance, the control

of some chemical reactors requires the real-time solution (with a time frame

of some minutes) of linear systems of size 2000..3000 .

When trying to �nd the b est parallel algorithm for a certain problem on a

certain target architecture, then the actual communication prop erties of the

architecture (such as I/O b ottlenecks, disk organization and optimal transfer

blo ck size v ariations) may outweigh the usual p erformance arguments, mak-

ing general algorithm assessment and comparison very hard for such basic

problems as matrix multiplication. In this resp ect, the algorithms of this

chapter are to b e taken just as a collection of useful ideas for parallelisation,

which need to b e revised and mo di�ed in a certain real-world environmen t.

In the following, we will often make such assumptions as, for example,

N = k p

P ; k = 1; 2; : : :, which is seldom the case in reality

. However, these

assumptions de�nitely simplify the presentation and analysis of the algorithms, which are in turn usually simple to mo dify for a given environment.

In this chapter, we will assume that the reader is familiar with the mesh,

linear array

, and hyp ercub e architectures and the CREW/EREW PRAM

mo dels as they are used in the previous chapters, along with their commu-

nication prop erties. The reader is also exp ected to understand the purp ose

and use of p erformance metrics and computational complexit y b ounds.

1.1 Notations and T erminology

If not stated otherwise, a matrix A will b e assumed to b e an N � N array of

real numb ers. The element in the i-th row and j -th column will b e denoted by

a

i;j

, a

1;1 b eing the upp er left elemen t. That is, i; j = 1; 2; : : : ; N . Similarly ,

P E

i;j means the Pro cessing Element, or pro cessor, in the i-th row and j -th

column of the PE array in a pro cessor mesh architecture. A column vector

b is a one-dimensional array of elements b

i

; i = 1; : : : ; N . The i-th column of

a matrix A is a

�;i

, the i-th row is a

T

i;�

. W e will use the symb ol I (k ) for the

k � k unity matrix, which has 1’s in its main diagonal (i.e. in elements i

k ;l

,

where k = l ), and zeros in all other p ositions. In �gures showing schematics

of matrices, areas left blank represent zero elemen ts, while shaded or *-ed

parts are nonzero elements.

Regarding computational complexity b ounds, our basic assumption is

that the four basic op erations of +, �, =, and � all take unit time on real

numb ers. This may not b e true on some architectures, however assigning

di�erent execution times to all of them would overcomplicate the analysis.

Again, the interested reader is encouraged to derive more elab orate complex-

ity formulae. W e will denote the runtime of the sequential algorithm by T

S

and its parallel version by T

P

. W e will state that a parallel algorithm is

c ost-optimal or optimal if T

S is in the order of T

P multiplied by the numb er

of the pro cessors P , i.e. if �(T

S

) = �(P � T

P

), where C = P � T

P is the c ost

of the parallel algorithm.

1.2 Ov erview on the Chapter

This chapter divides matrix-related problems in the classes of general dense

matrix algorithms and sp ecial matrix algorithms, the latter exploiting some

sp ecial feature of the matrices, such as sparsity

. In each of these sections, a

2 ALGORITHMS FOR GENERAL DENSE MA

TRICES 5

subsection is devoted for a certain problem, in some cases contatining sub-

subsections for v arious architectures.

Problems are �rst stated and formulated, then a serial solution is given

along with the run-time of the solution. Then the parallel algorithm and its

analysis are presented.

2 Algorithms for General Dense Matrices

This section gives parallel solutions for transp osition, multiplication and in-

version of matrices, and it presents two distinct approaches for the solution

of linear systems.

In order to share computational load, matrices must b e partitioned (dis-

tributed) among pro cessors. The most obvious matrix partitioning strategies

are as follows:

� Striping W e assign complete rows or columns to each PE (row-wise

or column-wise striping), such that a PE holds N =P of them. If we

assign a continuous section of rows or columns to the same PE, then

we do blo ck p artitioning, however, there are other schemes which will

pro duce b etter load distribution among PEs in some cases. Such is

cyclic p artitioning, where we assign rows or columns such that each

PE should have one from each N =P -wide strip e of the matrix. This is

illustrated in Figure 1.

W e may have a maximum of N PEs using strip ed partitioning.

� Chec k erb oard In this scheme we break rows and columns as well, and

we assign

N

p

P

�

N

p

P

elemen ts of the matrix to each PE. Again, the elements can b e assigned

in a blo ck or cyclic manner. This partitioning scheme is more natural,

as it follows the original structure of the matrix. It allows the use of a

maximum of N

2

PEs, however in practical cases P � N , so a blo ck or

cyclic assignment is used.

2 ALGORITHMS FOR GENERAL DENSE MA

TRICES 6

... ...

... ...

... ...

... ...

... ...

PE1 PE1

PE2 PE2

PEp PEp

N/p columns

}

BLOCK CYCLIC

23 24 14 13

41 42

12

34

21

43

1

33

22

44

32 31

A

A B

C D

B

C

D

X = = 14 13 12 1 21 22 23 24

31 32 33 34

41 42 43 44

Swap in Step 1

Swap in Step 2

4y^3 y^2 y^1 y

Step 1 Step2 Step3

1x 2x 3x 4x

k

Sub-step 1

Sub-step 2 i j

A’ L U

A

A=LU

A’ Modified Elimination

Then

and 1 1 1

1

and

I.

II. III.

0 0 0 0 0 0 0 0 0 * * * * *

* * * * * 1 1 1 k k -1-st iteration -th iteration

x x x

x x k-1 k+1 k-G

k+G k

l

G ...

...

t t N 1 t 2N-1